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e Notation

Base field E

G s simplealggroup g Lie G
i killing form on go g g
cg nilpotent G orbit

nilpotentmatricesfor classical G
ee can be included into 34triple eh f by Jacobson

Morozov theorem By Kestant eh f is defineduniquely

up to Zgle action

1 Shadowy slices

Goals 1 Define a transverse slice S to in g an



affine space
2 Equip CLS with Poisson bracket

3 Quantite CLS to finiteWalgebra We will

offer two construction of the bracket on CS via

Hamiltonian reduction slice both will admit
direct quantization

1 1 Construction of S contracting action

Set S e 3g f affine subspace ofg
centralizer Ker adf

Exercise 1 Showthat g TesoTed hint observethat
Ted im ade use rep theory of34

An important tool to study S is a C action Let
8 I G be the composition of

C 54 t f
SL G inducedby the triple eh f

II



Exercise 2 Consider the action of C en g givenby
t EAL 8H x TECH g themodifiedaction
Thenthisaction fixes e and preserves S Moreover

1 ftp.t s e SES

hint the e values of adh on3,1ft Ker ad f are

in Iso

Note that we have thefollowing algebraic reformulation
s S Rgrading on s I S feels t.tt if

1 thegrading ispositive CICS o for ice ELST C

Corollary 1 SAI e

2 For a Corbit dog SAD EAT
3 If E SAD then I S I g

Special case Kestant Let A beprincipal nilpotent
cone i e the locus ofnilpotent elements t g Spec6199

quotient morphism Then sits is iso
I



2 Construction via Hamiltonian reduction

2.1 Poisson structure on CLS
Suppose NCG is a connectedsubgroup h Lie N

ye h
N Consider 14 g g h where the2ndmap

is the restrictionmap da thengu is a momentmap
It is N equivariant so Najily algebra Gu y
Consider I Spans

g
x paleh Slg Clg so

that C ju y Slg I

Note that Slog carries a Poissonbracket

extendingE gig g

Exercise 1 classical Hamiltonian reduction
at I 6 I 0,6 I gives a well defined Poisson

bracket on Cgu y
N

We can findNay s.t.CI S is identifiedw Cgu y
Namely let g i cg Chx ix ie L

I



Exercise 2 xy e xy is a symplectic form on9117

Pick a lagrangian subspace legfil andset
a lot glil

This is an adnilpotent subalgebra so we can set
N exp h G

Exercise 3 1 Y e In is N invariant
2 Scju y

Fact Can Ginzburg Themorphism Nx S gut y
n s Adn s is ise

Thisgives S Cfu y hence on CCS

One can recover thegrading on ICG y as follows

Define a new grading of Slog by Leggli it 2 Note

that I C Slog is a homogeneousidealyielding a grading
on ICG y
51



Exercise 4 S July isgradedand

Leg 2

Special case Suppose isprincipal We can choose

e Eyes the sum ofsimple root vectors h 2p the sum
of all coreets The h E 92 the opposite maximal
nilpotentsubalgebra The isomorphism S Egf is
Poisson showing that the bracket on S is 0

2 2 Quantitation

Ourgoal here is to construct a filteredquantization
W of a graded Poisson algebra CLS ie an associative

algebra W w algebra filtration W Wsi satisfying

Wsi Wsj Wsi a ijst.gr W S as

graded Poisson algebras
We start with the construction via quantum
Hamiltonianreduction which is very

close to theoriginalconstructionof Premet interpreted in this way by Gan
6



Cintburg

Set W Wg ligament
This has a well definedproduct at5 6 5 aft J

a filtration inducedfrom themodifiedfiltration on Ulg
w Legg i it2 With this filtration weget

gr W EIS
That this is an isomorphism can be deducedfrom fact

in Section 2.1

Special case Note that the center Zg Ulog admits

a natural homomorphism to W It is filteredwhere we
consider the restriction of the doubledPBWfiltration
where degg 2 on Zloy Theassociatedgradedofthis
homomorphism is Clog CLS thepullback under

S Spec clogs It follows that when isprincipal
we have 2 g W a result goingback to Kestant

A



3 Construction via quantum slices

3 1 Slice construction of
Let me Elg be themaximal ideal ofe Considerthe

completion Clg line Ig mn the algebra offormal

powers series Similarly we can consider completions

CITED CLS Since S intersects

transversally at a singlepoint we havenoncanonical

isomorphism completed tensorproduct

2 CLITED she g
he

Note that both CICTED Clg carry natural
Poisson structures Ted is a symplectic vectorspace

Proposition There is a deg 2 for the modified
Caction Poisson bracket on 615 a Poisson

C equivariant choice of isomorphism 2

Sketch ofproof details are an extendedexercise
Let V Ted symplectic w formsay W of Leg 2 for

8



the C action inducedfrom themodified Eng
1 Weneed C equivariantmap V Clog st

Cu lo w u u

whose existencewould followfromProposition
The decomposition Teg Tell Tes yields
4 V Clg sit holdsmodm We can Cequi
variantly lift 12 to w.LI modm s t holds

mod

innit www.tsetoev
is C equivariantly identified w 53 henceacquires a

Poisson bracket that as all Poissonbrackets involvedhas

deg 2 w r t the C action So it restricts to the

subalgebra ICES pn feels f lies in a findim
C submodule Since the Eaction on S is contracting

this subalgebra coincides w CLS

Remarks 1 Any choices of c are conjugate by
Hamiltonian automorphisms of Cg This shows thatthe
J



bracket on CICS is well defined up to a graded

automorphism
2 This constructiongives a bracket isomorphic to one in

Sec 1.2 but this is not obvious

3 2 Quantumslice construction

Now I explain the construction that was found in my
work from late 2000s it quantites the construction in
Sec 3.1

Equip Ulog with the doubledPBWfiltration and
consider the Reesalgebra Unlog explicitly

U log T g t xoy yox fxythilx.geg
It's graded w Legg 2 degt 1
In particular Unlog t S g Clog Let in

denote thepreimage in Unlog ofthe maximal ideal m
c Clog of e Then we can formthe completion

Update line 4197 In
Note that Unlog h 193
I



Fact t is not a zero divisor in Upg

So Upg is a deformationquantization ofClg The

algebra 6111031 has the essentially uniquequantitation
the completedWeyl algebra the completion at 0of

A T U uov rou hwlu.vn
Then we can argue as in theproofof Proposition in Sec

3 1 that there is a C equivariant EICHI algebra embedding
A Up

Let Wj denote the centralizer of the image Then 2 lifts
to a C equivariant decomposition

Ai eat Wh Upgie

Weget Wi h KISS Set WEIWh fin This

is a positively graded Ct algebra w Watch 1S

Finally set W Wp h i this is a filtered

quantizationof ILS



One can show that the two constructionsgive the
same result but this is nontrivial

4 What's next

There are functors between various categories ofmodules

or bimodules over Ulog W Forexample we can consider

generalized Whittaker modules over Vlog thosewhere h

from Sec 2.0 acts withgeneralizedeigenvalue y Denote
this categoryby Whe We have Whe Wmed via the

Ulg W bimodule Uloy Ug x x x eh
There are more involved functors between

categoriesofHC bimodules over Uloy over W and between

categories D that are mucheasier to construct astudy
usingthe quantum slice construction
Then there is theaffinestory Atraditionalgeneral

construction is via a version of Hamiltonian reduction for
theprincipal case one also has construction via screening

operators that allows to see the Feign Frenkel duality
I



Recently I've been thinking about a quantum sliceconstructionin the affine setup and I'm 90 sure it can bedone

I


